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Abstract: The universal Askey–Wilson algebra AW (3) can be obtained as the commutant of
Uq(su(1, 1)) in Uq(su(1, 1))
⊗3. We analyze the commutant of oq1/2(2) ⊕ oq1/2(2) ⊕ oq1/2(2) in
q-oscillator representations of oq1/2(6) and show that it also realizes AW (3). These two pictures
of AW (3) are shown to be dual in the sense of Howe; this is made clear by highlighting the role
of the intermediate Casimir elements of each members of the dual pair
(
Uq(su(1, 1)), oq1/2 (6)
)
.
We also generalize these results. A higher rank extension of the Askey–Wilson algebra denoted
AW (n) can be defined as the commutant of Uq(su(1, 1)) in Uq(su(1, 1))
⊗n and a dual descrip-
tion of AW (n) as the commutant of oq1/2(2)
⊕n in q-oscillator representations of oq1/2(2n) is
offered by calling upon the dual pair
(
Uq(su(1, 1)), oq1/2 (2n)
)
.
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1 Introduction
The Askey–Wilson algebra encodes the bispectrality properties of the eponym polynomials [1].
It is finding applications in various areas such as integrable models [2–6], algebraic combina-
torics [7–10], knot theory [11], double affine Hecke algebras and representation theory [12–14],
etc. A universal extension is known to arise in an algebraic description of the Racah problem
for Uq(sl2) [15, 16]. The goal of the present paper is to enlarge the fundamental understanding
of this algebra by casting it in an alternate framework. We shall offer a picture of the universal
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Askey–Wilson algebra that is dual to the one which arises in the coupling of three representa-
tions of Uq(sl2) and that will be reviewed in Section 2. The presentation that is the object of
this paper will be deemed dual, in the sense of Howe, to the Uq(sl2) tensorial approach because
it will rely on the complementary member oq1/2(2n) of the dual pair
(
Uq(su(1, 1)), oq1/2 (2n)
)
.
The concept of dual pairs has been introduced by Howe in [17, 18] and has been since
connected to numerous physical models (for a non-exhaustive list see [19–21] and references
therein). Let us recall the definition of the dual pairs in the context of Lie groups and Lie
algebras [19]:
Let S be a Lie group and let G, G′ be a pair of subgroups of S. We say (G,G′) form a dual
pair of subgroups of S if G′ is the full commutant of G in S, and vice versa. The pair (g, g′)
of Lie algebras of (G,G′) are a dual pair in the Lie algebra s of S.
When each subgroup of the pair is reductive (that is, completely reducible), the pair is
referred to as a reductive dual pair. For the more technical details on the classification of these
pairs, see for instance [17, 18, 22, 23]. If one of the members of the pair is a compact group,
the following decomposition holds:
Consider a Hilbert space H which supports representations of S. Then, the actions of G
and G′ on H commute, the reductive dual pair (G,G′) admits dual representations on H and
one obtains a multiplicity-free decomposition of the form:
H =
⊕
λ
Γ(λ) ⊗ Γ ′ (λ) (1.1)
where Γ’s and Γ ′’s are irreducible modules of G and G′ respectively. (Note that a similar
decomposition occurs in the context of the Schur-Weyl duality.) In simpler words, the irreps
of each member of the pair are matched together. By virtue of the exponential mapping corre-
spondance between Lie algebras and Lie groups, a decomposition of the form (1.1) also holds
for irreducible modules of the Lie algebras (g, g′). We will be working at the algebra level in
what follows.
An example of particular interest resides with the algebras sp(2) ≃ su(1, 1) and o(2n) which
form a dual pair in sp(4n). This dual pair led to a novel interpretation of the Racah algebra
R(n) as the commutant of the o(2)⊕n algebra in oscillator representations of o(2n) [24, 25]. To
this end, models of both the su(1, 1)⊗2n and the o(2n) algebras were constructed in terms of 2n
oscillators. Due to the decomposition (1.1), the irreps could be paired. As expected by Schur’s
lemma, the pairing was expressed through the Casimirs which label the irreps. This was done
as follows: The commutant of o(2)⊕n in o(2n) could be identified as the algebra generated by
the quadratic Casimirs corresponding to o(2m) embeddings in o(2n) with m = 1, . . . , n. In
the oscillator model, all these quadratic Casimirs of o(2m) were seen to be affinely related to
some su(1, 1) Casimirs that arise from the recoupling of 2m copies of su(1, 1). But, the Racah
algebra R(n) obtained as the commutant of su(1, 1) in U(su(1, 1))⊗n is precisely generated by
these su(1, 1) Casimirs occuring in the recoupling of 2m copies. Thus the two “dual” types of
commutants give rise to the same Racah algebra. The pairing of the irreps (1.1) proves evident
because the Casimirs of the two members of the pair are affinely related to each other, and it is
this pairing that is fundamentally at the root of the dual descriptions of the Racah algebra R(n).
The results on dual pairs that have been presented so far involve the so-called classical
dual pairs. One may wonder what happens if q-deformations of the classical Lie algebras sl2
and o(2n) are considered, and if q-analogs of the dual pairs can be defined, while preserving
a result analogous to (1.1) for the pairing of the irreps. Remarkably, a q-deformation of the
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pair (sl2, o(n)) has been defined in [26]. The q-deformed dual pair
(
Uq(sl2), oq1/2(n)
)
will be
used in an approach similar to the one employed for the Racah algebra to obtain dual pictures
of the Askey–Wilson algebra. Note that we will actually restrict ourselves to the real form
Uq(su(1, 1)) of Uq(sl2) throughout this paper as this will allow to highlight more easily how
the q → 1 limit connects with the results in [24, 25].
Here is the outline of the rest of the paper. In Section 2, the (universal) Askey-Wilson
algebra will be introduced along with its relation to Uq(su(1, 1)). The q-oscillator algebra will
be defined in Section 3 and then used to build realizations of the Uq(su(1, 1)) and oq1/2(m)
algebras. In Section 4, the Askey–Wilson algebra AW (3) will be obtained as the “dual”
commutant and this result will then be generalized to AW (n) in Section 5. Concluding remarks
and opening questions will complete the paper.
2 A brief review of the Askey–Wilson algebra
2.1 The Askey–Wilson algebra AW (3)
The Askey–Wilson algebra was first introduced by Zhedanov in [1]. It can be presented in
terms of two generators K0, K1 obeying the q-commutation relations
[K0,K1]q = K2,
[K1,K2]q = bK1 + c0K0 + d0,
[K2,K0]q = bK0 + c1K1 + d1,
(2.1)
where b, c0, c1, d0, d1 are (real) structure constants and [A,B]q = qAB− q−1BA. Throughout
the paper, we consider the case where q is not a root of unity.
It is straightforward to reabsorb a few structure constants and to rescale the generators in
order to arrive to the following Z3-symmetric presentation. Taking
KA = −q
2 − q−2√
c1
K0,
KB = −q
2 − q−2√
c0
K1,
KC = −q
2 − q−2√
c0 c1
(
K2 − b
q − q−1
)
,
α =
d0
c0
√
c1
(q + q−1)2(q − q−1),
β =
d1
c1
√
c0
(q + q−1)2(q − q−1),
γ =
b√
c0 c1
(q + q−1)2,
(2.2)
relations (2.1) are rewritten as
[KA,KB ]q
q2 − q−2 +KC =
γ
q + q−1
,
[KB ,KC ]q
q2 − q−2 +KA =
α
q + q−1
,
[KC ,KA]q
q2 − q−2 +KB =
β
q + q−1
.
(2.3)
The universal Askey–Wilson algebra [8] is defined by the relations (2.3) with α, β, γ being
central elements. The universal Askey–Wilson algebra is the one that will be referred to in the
remainder of this paper.
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2.2 The Uq(su(1, 1)) algebra and its Racah problem
We now review how the (universal) Askey–Wilson algebra appears in the context of the Racah
problem of Uq(su(1, 1)).
The Uq(su(1, 1)) algebra has three generators, J± and J0, obeying
[J0 , J±] = ±J±, J−J+ − q2J+J− = q2J0 [2J0]q. (2.4)
Here the notation [x]q stands for the q-number:
[x]q =
qx − q−x
q − q−1 . (2.5)
This algebra can be endowed with a Hopf structure; in particular it posesses a coproduct which
is an algebra morphism that defines an embedding of Uq(su(1, 1)) in Uq(su(1, 1))⊗Uq(su(1, 1)):
∆(J0) = J0 ⊗ 1 + 1⊗ J0, ∆(J±) = J± ⊗ q2J0 + 1⊗ J±. (2.6)
The Casimir operator C of Uq(su(1, 1)) has the following expression
C = J+J−q
−2J0+1 + (J0)q2(1− J0)q2 , (2.7)
where the notation (x)q stands for another type of q-number:
(x)q =
1− qx
1− q . (2.8)
Remark 2.1 In the limit q → 1, one recovers the usual su(1, 1) Lie algebra. The Casimir of
Uq(su(1, 1)) that is being used has been shifted by a constant with respect to the more conven-
tional Casimir
C = J+J−q
−2J0+1 − q
(1− q2)2
(
q2J0−1 + q−2J0+1
)
(2.9)
so as to make sure the q → 1 limit is non-singular and yields the usual su(1, 1) Casimir
C = J+J− − J02 + J0. Moreover, the standard presentation of Uq(su(1, 1)) [27] is recovered
from (2.4) if one considers instead the generators J˜0 = J0, J˜+ = J+q
−J0 and J˜− = q
−J0J−,
which satisfy the commutation relations [J˜0 , J˜±] = ±J˜±, [J˜− , J˜+] = [2J˜0]q.
Let us now consider the addition of three irreducible representations of Uq(su(1, 1)). Associ-
ated to each of those copies of Uq(su(1, 1)) are the Casimirs C
(i), i = 1, 2, 3. The coassociativity
of the coproduct ensures that the following two ways to pair the representations
(1⊕ 2)⊕ 3 ≃ 1⊕ (2⊕ 3) (2.10)
are equivalent.
In addition to the initial Casimirs C(i), there are the intermediate Casimirs associated to
the different embeddings shown above in (2.10), C(12) = ∆(C) ⊗ 1 and C(23) = 1 ⊗ ∆(C),
as well as a total Casimir operator, C(123) = ∆(2)(C). Here, we use the notation ∆(N) =
(1⊗(N−1)⊗∆)∆(N−1), with ∆(0) = 1. The Racah problem of Uq(su(1, 1)) is to find the overlap
between the two different bases corresponding to (2.10), i.e. the one which diagonalizes C(12)
and the other which diagonalizes C(23).
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The connection with the Askey–Wilson algebra follows from the fact that the interme-
diate Casimirs of Uq(su(1, 1)) realize it. In other words, the Askey–Wilson algebra can be
described as the commutant of Uq(su(1, 1)) in Uq(su(1, 1))
⊗3. Indeed, performing the affine
transformation
C{•} = −q(q − q−1)2C(•) + (q + q−1), (2.11)
one checks that relations (2.3) are verified for
KA = C{1,2},
KB = C{2,3},
α = C{2}C{3} + C{1}C{1,2,3},
β = C{1}C{3} + C{2}C{1,2,3},
γ = C{1}C{2} + C{3}C{1,2,3}.
(2.12)
It is worth noting that instead of looking at the q-commutation relations of the intermediate
Casimirs, one could have instead presented the relations using commutation relations. With
Q1 = C
(12), Q2 = C
(23), one obtains the following relations:
[Q1, Q2] = Q3,
[Q2, Q3] = rQ2Q1Q2 + ξ1{Q1, Q2}+ ξ2Q22 + ξ3Q2 + ξ5,
[Q3, Q1] = rQ1Q2Q1 + ξ1Q
2
1 + ξ2{Q1, Q2}+ ξ3Q1 + ξ7,
(2.13)
where the parameters r and ξi take the following values:
r = −(q − q−1)2, ξ1 = ξ2 = (1 + q−2),
ξ3 = −r
(
C(1)C(3) + C(2)C(123)
)− ξ1 (C(1) +C(2) + C(3) + C(123)), (2.14)
ξ5 = ξ1
(
C(2) − C(3))(C(1) − C(123)), ξ7 = ξ1(C(2) − C(1))(C(3) − C(123)).
The q → 1 limit of this algebra immediately leads to the (classical) Racah algebra.
3 q-oscillator realization of the dual pair
(
Uq(su(1, 1)), oq1/2(2n)
)
3.1 The oq1/2(N) algebra
The non-standard q-deformation oq1/2(N) of o(N), often denoted U
′
q1/2
(soN ) in the litterature
[28–31], can be defined as the associative unital algebra with generators Li,i+1 (i = 1, . . . , N−1)
obeying the relations
Li−1,i L
2
i,i+1 − (q1/2 + q−1/2)Li,i+1 Li−1,i Li,i+1 + L2i,i+1 Li−1,i = −Li−1,i, (3.1a)
Li,i+1 L
2
i−1,i − (q1/2 + q−1/2)Li−1,i Li,i+1 Li−1,i + L2i−1,i Li,i+1 = −Li,i+1, (3.1b)
[Li,i+1, Lj,j+1] = 0 for |i− j| > 1. (3.1c)
This algebra posesses numerous properties of interest, among which: oq(N) can be viewed
as a q-analogue of the symmetric space based on the pair (gl(N), o(N)) [32], it is a coideal
subalgebra of Uq(sl(N)) [32] and appears in various areas of mathematical physics [30].
The quadratic Casimir of oq1/2(2n) is given in [26, 28]. We shall need the following elements:
L±ik = [L
±
ij , L
±
jk]q±1/4 = q
±1/4L±ijL
±
jk − q∓1/4L±jkL±ij, for any i < j < k (3.2)
with L±i,i+1 = Li,i+1 by definition. The quadratic Casimir operator of the algebra oq1/2(2n)
then has the following expression:
Λ[2n] =
∑
1≤i<j≤2n
q
−2n+i+j−1
2 L+ijL
−
ij . (3.3)
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3.2 The q-oscillator algebra
The q-oscillator algebra Aq(N) [27] is the unital associative algebra over C generated by N
independent sets of q-oscillators {A±i , A0i } verifying
[A0i , A
±
i ] = ±A±i , [A−i , A+i ] = qA
0
i , A−i A
+
i − qA+i A−i = 1, i = 1, . . . , N, (3.4)
and such that the commutators between elements with distinct indices i are equal to zero. The
last two relations lead to:
A+i A
−
i =
1− qA0i
1− q = (A
0
i )q. (3.5)
The q-oscillator algebra Aq(N) admits an irreducible representation bounded from below with
orthonormal basis vectors |n1, · · · , nN 〉 = |n1〉 ⊗ · · · ⊗ |nN 〉 and with the operators Ai acting
on the i’th factor of the states according to:
A0i |ni〉 = ni|ni〉, A+i |ni〉 =
√
1− qni+1
1− q |ni + 1〉, A
−
i |ni〉 =
√
1− qni
1− q |ni − 1〉. (3.6)
These commuting q-oscillators can now be used to realize the algebras considered previously.
3.3 Dual realizations of the oq1/2(2n) and Uq(su(1, 1)) algebras
The algebras Uq(su(1, 1)) and oq1/2(2n) can be realized in terms of q-oscillators and shown to
have commuting actions on the Hilbert space of q-oscillators.
To that end, let us first consider 2n copies of the q-deformation of the usual metaplectic
representation of su(1, 1), which is realized with 2n q-oscillators by taking
J i0 =
1
2
(
A0i +
1
2
)
, J i± =
1
[2]q1/2
(A±i )
2, i = 1, . . . , 2n. (3.7)
Owing to the fact that each set of J i0 , J
i
± acts only on the i’th oscillator and obeys the
relations (2.4), (3.7) hence gives a realization of Uq(su(1, 1))
⊗2n. It is then straightforward to
embed Uq(su(1, 1)) inside Aq(2n) by repeatedly making use of the coproduct (2.6):
J
(2n)
0 = ∆
(2n−1)(J0) =
1
2
2n∑
i=1
(
A0i +
1
2
)
,
J
(2n)
± = ∆
(2n−1)(J±) =
1
[2]q1/2
2n∑
i=1
(A±i )2 2n∏
j=i+1
qA
0
j+
1
2
 . (3.8)
The algebra oq1/2(2n) can also be realized in terms of 2n q-oscillators. The 2n − 1 generators
take the form
Li,i+1 = q
− 1
2
(A0i+
1
2
)
(
q
1
4A+i A
−
i+1 − q−
1
4A−i A
+
i+1
)
, i = 1, . . . , 2n− 1. (3.9)
A direct calculation shows that these Li,i+1’s verify the relations (3.1). All the other L
±
ij ’s
can be obtained by (3.2).
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Remark 3.1 In this particular realization, the following q-analogs of the angular momenta
relation M12M34 +M13M42 +M14M23 = 0 in [33] hold. For i < j < k < ℓ, one has:
q−1/2L +ij L
+
kℓ −L +ikL +jℓ + q+1/2L +iℓ L +jk = 0,
q+1/2L −ij L
−
kℓ −L −ikL −jℓ + q−1/2L −iℓ L −jk = 0.
(3.10)
It is easy to check that [J
(2)
0 ,L12] = [J
(2)
± ,L12] = 0. A straightforward induction argument
using the coproduct (2.6) and the form of the expression (3.9) leads to
[J
(2n)
0 ,Li,i+1] = [J
(2n)
± ,Li,i+1] = 0, i = 1, . . . , 2n− 1. (3.11)
In other words, Uq(su(1, 1)) and oq1/2(2n) have commuting actions on the Hilbert space of 2n
q-oscillators.
This feature precisely illustrates the Howe duality operating in this context and will be the
key to obtaining the Askey–Wilson algebra of arbitrary rank as a “dual” commutant.
4 The Askey–Wilson algebra AW (3) as a “dual” commutant
4.1 The commutant of oq1/2(2)
⊕3 in the q-oscillator realization of oq1/2(6) and
the Askey–Wilson algebra AW (3)
We now look for the commutant of the oq1/2(2) ⊕ oq1/2(2) ⊕ oq1/2(2) subalgebra generated by
{L12,L34,L56} in the q-oscillator realization of oq1/2(6). From the expressions of the quadratic
Casimirs (3.3) it is easy to identify the following 6 independent elements:
Λ1 = L12
2,
Λ2 = L34
2,
Λ3 = L56
2,
Λ12 = q
−1L12
2 + L +23L
−
23 + qL34
2
+ q−1/2L +13L
−
13 + q
1/2L +24L
−
24 +L
+
14L
−
14,
Λ23 = q
−1L34
2 + L +45L
−
45 + qL56
2
+ q−1/2L +35L
−
35 + q
1/2L +46L
−
46 +L
+
36L
−
36,
Λ13 = q
−1L12
2 + L +25L
−
25 + qL56
2
+ q−1/2L +15L
−
15 + q
1/2L +26L
−
26 +L
+
16L
−
16.
(4.1)
Instead of using Λ13, one could alternatively take the element Λ123 which is a linear combination
of the other Λ•’s above
Λ123 = q
−1Λ12 + Λ13 + qΛ23 − (q−1Λ1 + Λ2 + qΛ3) (4.2)
and corresponds to the quadratic Casimir of oq1/2(6) itself.
The algebraic relations obeyed by these Λ•’s correspond to those of the Askey–Wilson
algebra. First make the affine transformation
Λ˜i = [2]q −
(
q1/2 − q−1/2
1 + q
)2
(Λi + 1),
Λ˜ij = [2]q −
(
q1/2 − q−1/2
1 + q
)2
Λij ,
Λ˜123 = [2]q −
(
q1/2 − q−1/2
1 + q
)2
(Λ123 − [3]q1/2),
(4.3)
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then take KA and KB to be
KA = Λ˜12, KB = Λ˜23. (4.4)
A straightforward calculation shows that KA and KB obey the relations (2.3), with structure
constants α, β, γ expressible in terms of Λ1, Λ2, Λ3 and Λ123.
α = Λ˜2Λ˜3 + Λ˜1Λ˜123,
β = Λ˜3Λ˜1 + Λ˜2Λ˜123,
γ = Λ˜1Λ˜2 + Λ˜3Λ˜123.
(4.5)
4.2 The Uq(su(1, 1)) and oq1/2(6) descriptions of AW (3) and Howe duality
In Section 2 the Askey–Wilson algebra was described as the commutant of Uq(su(1, 1)) in
Uq(su(1, 1))
⊗3. That the AW algebra could also be described as the commutant of oq1/2(2)
⊕3
in q-oscillator representations of oq1/2(6) is not a coincidence. We now make explicit the
connection between these two approaches using Howe duality.
In [26] it was shown that Uq(su(1, 1)) and oq1/2(2m) are a dual pair in the sense of Howe.
It follows from this that these two algebras have commuting actions on the Hilbert space of
2m q-oscillators (see (3.11)). This implies that their irreducible representations can be paired
through the eigenvalues of the Casimirs that label them. We shall now indicate how the pairing
occurs.
Take 6 q-oscillators, realizing 6 copies of Uq(su(1, 1)). We first couple them pairwise and
label each couple by ı ≡ (2i − 1, 2i) in order to obtain an embeddings of Uq(su(1, 1))⊗3 in
Uq(su(1, 1))
⊗6:
J ı0 =
1
2
(
A02i−1 +A
0
2i + 1
)
, J ı± =
1
[2]q1/2
(
(A±2i−1)
2qA
0
2i+
1
2 + (A±2i)
2
)
, i = 1, . . . , 3.
(4.6)
To each ı’th copy of Uq(su(1, 1)) corresponds a Casimir C
ı given by (2.7).
Three additional embeddings of Uq(su(1, 1)) can be realized by repeatedly making use of
the coproduct (2.6)
J 1 20 = J
1
0 + J
2
0 ,
J 2 30 = J
2
0 + J
3
0 ,
J 1 2 30 = J
1
0 + J
2
0 + J
3
0 ,
J 1 2± = J
1
±q
2J 20 + J 2±,
J 2 3± = J
2
±q
2J 3
0 + J 3±,
J 1 2 3± = J
1
±q
2J 2
0 q2J
3
0 + J 2±q
2J 3
0 + J 3±,
(4.7)
and the respective Casimirs associated to each of these embeddings, C1 2, C2 3, C1 2 3 can be
obtained from (2.7).
Schematically, these successive embeddings can be thought of as:
1 2
1
3 4
2
5 6
3
C1 C2 C3
C1 2 C2 3
C1 2 3
Uq(su(1, 1))
⊗6⋃
Uq(su(1, 1))
⊗3⋃
Uq(su(1, 1))
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Upon looking at the explicit expressions of these C ı, C ı , C1 2 3 in terms of the q-oscillators,
one finds that
C ı =
1
(1 + q)2
(Λi + 1) ,
C ı  =
1
(1 + q)2
(Λij) , for consecutive ij’s
C1 2 3 =
1
(1 + q)2
(
Λ123 − [3]q1/2
)
.
(4.8)
Those expressions show how the intermediate Casimirs of Uq(su(1, 1)) and those of oq1/2(6) are
affinely related. Let us emphasize that owing to the Howe duality between Uq(su(1, 1)) and
oq1/2(6), the multiplicity-free decomposition of the form (1.1) takes place; the relations (4.8)
make this explicit keeping in mind the Schur’s lemma.
Moreover, this pairing of the Casimirs is precisely what is behind the fact that the Askey–
Wilson algebra, usually obtained from intermediate Uq(su(1, 1)) Casimirs, is expressible as the
commutant of the oq1/2(2)
⊕3 algebra in q-oscillator representations of oq1/2(6). The duality of
the two pictures is thus expressed in (4.8).
5 The case for general n and the algebra AW (n)
5.1 Towards the higher rank Askey–Wilson algebra
Let us first introduce the notation [i; j] for sets of consecutive integers:
[i; j] =

{i, i + 1, . . . , j} j > i,
{i} j = i,
∅ j < i.
(5.1)
In [34], a higher rank extension of the Racah algebra R(n) was realized as the algebra of the
intermediate Casimir elements in U(su(1, 1)) associated to embeddings (labelled by A ⊂ [1;n])
of su(1, 1) in its n-fold tensor product. A generating set for R(n) is given by the intermediate
Casimir operators related to consecutive tensor product space embeddings [i; j], 1 ≤ i ≤ j ≤ n.
A similar story is emerging for the Askey–Wilson algebra. The higher rank Askey–Wilson
algebra AW (n) has been defined tensorially as the algebra of the intermediate Casimir elements
CA of Uq(su(1, 1)) associated to embeddings (labelled by A ⊂ [1;n]) of Uq(su(1, 1)) in its n-fold
tensor product. A generating set of AW (n) is given by all C[i;j]’s, with 1 ≤ i ≤ j ≤ n. These
C[i;j]’s are obtained from the repeated action of the coproduct on the Uq(su(1, 1)) Casimir
elements.
The algebraic relations of AW (4) are given in [35]. The full set of relations of AW (n) is
not known, however a large subset of those relations has been presented in [36]. Neverthe-
less, we here advance the understanding of these algebraic structures by establishing the dual
connection between these intermediate Casimir CA in Uq(su(1, 1))
⊗n and the generators of the
commutant of a subalgebra of oq1/2(2n).
5.2 The Howe duality in the AW (n) case
We now proceed with this analysis of the higher rank case and look for the commutant of
oq1/2(2)
⊕n in oq1/2(2n). The algebra oq1/2(2)
⊕n is generated by the set {L12, . . . , L2n−1,2n}.
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In view of the quadratic Casimirs (3.3), we examine the following
(n+1
2
)
elements:
Λi = (L2i−1,2i)
2,
Λij = q
−1L2i−1,2i
2 + L +2i,2j−1L
−
2i,2j−1 + qL2j−1,2j
2
+ q−1/2L +2i−1,2j−1L
−
2i−1,2j−1 + q
1/2L +2i,2jL
−
2i,2j + L
+
2i−1,2jL
−
2i−1,2j ,
1 ≤ i < j ≤ n.
(5.2)
These elements all commute with oq1/2(2)
⊕n:
[Λi,L2k−1,2k] = [Λij ,L2k−1,2k] = 0, i < j, i, j, k = 1, . . . , n, (5.3)
and they generate its commutant in the q-oscillator realization of oq1/2(2n). We claim that the
relations obeyed by these elements are precisely the relations of the higher rank Askey–Wilson
algebra AW (n) and that this follows from the Howe duality already observed in Section 4. We
shall now explain how this conclusion is reached.
It will be useful to make the following linear transformation in order to work with elements
ΛA where A ⊆ [1;n] is a set of consecutive indices. Form the Λ[k,ℓ]’s as follows:
Λ[k;k] = Λk,
Λ[k;k+1] = Λk,k+1,
Λ[k;k+ℓ−1] =
∑
1≤i<j≤ℓ
qi+j−(ℓ+1)Λk−1+i,k−1+j − [ℓ− 2]q1/2
ℓ∑
i=1
qi−
ℓ+1
2 Λk−1+i, ℓ ≥ 3,
(5.4)
with ΛØ = 0 by convention. Note that there are still
(n+1
2
)
elements of the form Λ[i;j] since∣∣{[i; j] | [i; j] ⊆ [1;n]}∣∣ = (n+12 ).
For the sake of comprehensiveness, let us also give here the inverse change of basis:
Λi = Λ
[i;i],
Λij = Λ
[i;j] + q−1Λ[i;i] + Λ[i+1;j−1] + qΛ[j;j] − q−1Λ[i;j−1] − qΛ[i+1;j].
(5.5)
We can now make use of the Howe duality observed in Section 4. Recall that the decomposition
(1.1) implied that the quadratic Casimirs of oq1/2(2m) were affinely related to intermediate
Casimirs of Uq(su(1, 1)) embeddings in (2m) copies of itself. This still holds here.
Take 2n q-oscillators and couple them pairwise, with each couple labelled by ı ≡ (2i−1, 2i)
in order to obtain an embedding of Uq(su(1, 1))
⊗n in Uq(su(1, 1))
⊗2n. Nested embeddings then
give rise to all the intermediate Casimirs needed to generate the AW (n) algebra. This can be
visualized as follows:
1 2
1
3 4
2
5 6
3
· · · · · · 2n
n
C1 C2 C3 C
n
C1 2 C2 3
C1 2···n
Uq(su(1, 1))
⊗2n⋃
Uq(su(1, 1))
⊗n
⋃
Uq(su(1, 1))
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It remains to give the explicit correspondance between the paired Casimirs C ı ···  and the Λ[i;j]’s
(which will be the equivalent of (4.8)). We already know that they are affinely related, so we
start by writing
C1 2 ···m = ∆(2m−1)(C) =
1
β2m
(
Λ[1;m] + α2m
)
. (5.6)
After a quick look at the coproduct and the form of the Λ[1;m]’s one convinces oneself that β2m
is constant, more precisely β2m = (1 + q)
2. It remains to evaluate the α2m’s.
The α2m can be obtained by acting with (5.6) on the ground state |~0 〉 of 2m q-oscillators
and recalling the action of the generators on the realization (3.6), that is L ±ij |~0 〉 = J i−|~0 〉 = 0
and J i0 |~0 〉 = 14 |~0 〉:(
Λ[1;m] + α2m
)
|~0 〉 = (1 + q)2C1 2 ···m|~0 〉
α2m|~0 〉 = (1 + q)2∆(2m−1)
(
q−2J0+1J+J− + (J0)q2(1−J0)q2
)
|~0 〉
= (1 + q)2
(
(
∑2m
i=1J
i
0 )q2(1−
∑2m
i=1J
i
0)q2
)
|~0 〉
= (1 + q)2
(
(m/2)q2(1 − m/2)q2
) |~0 〉
= −[m]q1/2 [m− 2]q1/2 |~0 〉
(5.7)
We conclude that
C1 2 ···m =
1
(1 + q)2
(
Λ[1;m] − [m]q1/2 [m− 2]q1/2
)
, (5.8)
which finally leads to the desired generalization of (4.8):
C ı ··· j =
1
(1 + q)2
(
Λ[i;j] − [j − i+ 1]q1/2 [j − i− 1]q1/2
)
. (5.9)
Upon shifting the Casimirs C ı ··· j using the procedure (2.11), one finally obtains the desired
generating set for AW (n)
CA = [2]q − q(q − q−1)2CA. (5.10)
By virtue of the affine correspondance between the intermediate Casimirs of Uq(su(1, 1)) and
the oq1/2(2m) quadratic Casimirs given in (5.9), the AW (n) algebra generated by all CA’s
therefore admits two dual descriptions.
Remark 5.1 The q → 1 limit of the expression for the pairing of the Casimirs in (5.9)
coincides with the result obtained for the higher rank Racah algebra R(n). Indeed, for |A| = 2m,
one has
CA = −(JA0 )2 + JA+JA− + JA0 =
1
4
 ∑
µ<ν∈A
Lµν
2 − |A|(|A| − 4)
4
 . (5.11)
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6 Conclusion
To sum up, we have used the Howe duality to provide two dual pictures of the Askey–Wilson
algebra AW (n). In addition to the description of AW (n) as the commutant of Uq(su(1, 1)) in
Uq(su(1, 1))
⊗n, we have also depicted the algebra as the commutant of oq1/2(2)
⊕n in q-oscillator
representations of oq1/2(2n). We have explained how the multiplicity-free decomposition of the
modules of the joint action of the dual pair
(
Uq(su(1, 1)), oq1/2 (2n)
)
given in (1.1) translates to
an affine correspondance between Casimirs of Uq(su(1, 1)) and oq1/2(2m). This fact was then
stressed to be the hallmark of the duality between the two pictures.
The q → 1 limit is easily seen to give back results we have previoulsy obtained on the
higher rank Racah algebra R(n). Note that in [25] we carried out the dimensional reduction
corresponding to the imposition of the o(2)⊕n invariance on the oscillator model and this had
led us to the generic superintegrable model on the (n− 1)-sphere [37, 38]. Such a dimensional
reduction has not been performed here as the right q-analogues of polar coordinates are not
known, but it would be an interesting question to examine in the future.
Another interesting limit is q → −1. This limits yields the higher rank Bannai-Ito algebra
BI(n) if one starts from AW (n). In [39] two dual pictures of BI(n) were presented based
on a Dirac model. An especially striking result is that the non-naive embeddings of osp(1|2)
associated to non-consecutive tensor product spaces could be explained in the context of the
Dirac model by looking at the construction procedure of the higher dimension gamma matrices.
It is still an open question to obtain an analogous explanation for AW (n) and the corresponding
Uq(su(1, 1)) embeddings. We hope to return to this question soon.
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